It is well known that the representations over an arbitrary configuration space related to a physical system of the Heisenberg algebra allow to distinguish the simply and non simply-connected manifolds [arXiv:quant-ph/9908.014, arXiv:hep-th/0608.023]. In the light of this classification, the dynamics of a quantum particle on the line is studied in the framework of the conventional quantization scheme as well as that of the enhanced quantization recently introduced by J. R. Klauder [arXiv:quant-ph/1204.2870]. The quantum action functional restricted to the phase space coherent states is obtained from the enhanced quantization procedure, showing the coexistence of classical and quantum theories, a fundamental advantage offered by this new approach. The example of the one dimensional harmonic oscillator is given. Next, the spectrum of a free particle on the two-sphere is recognized from the covariant diffeomorphic representations of the momentum operator in the configuration space. Our results based on simple models also point out the already-known link between interaction and topology at quantum level.
Introduction
Our understanding of the nature through the physics has significantly developed since the advent of the quantum theory and its quantization techniques known as conventional quantization methods, which are essentially the canonical and the path integral quantizations. However, we are far from the end of the story, since numerous questions that are usually called "difficult problems" still remain to be solved.
It's well known that without geometrical and topological considerations, it is difficult to consistently quantize the physical models [1] [2] [3] . It's thus indispensable to pay a particular attention to the geometry when one studies physical systems. Moreover, the relationship between interaction and topology is more and more clear [4, 5] . Then, in the search of innovative methods of quantization, J. R. Klauder has proposed, by taking into account the topological and geometrical concepts, a new approach of quantization based on a subclass of quantum states, the coherent states [6, 7] . These quantum states express themselves by means of classical phase space variables and thus constitute suitable mediators to realize the link between classical and quantum theories. Indeed, the canonical quantization rules associate to a given classical phase space variable, an operator belonging to a suitable Hilbert space, which must be at least hermitian or symmetric in mathematical parlance. The self-adjoint character is crucial for the observables and von Neumann was the first to put this foward, by proposing a formalism for systematically constructing self-adjoint operators by extensions [8] . However, after such conventional quantization, the quantum action which leads to the Schrödinger equation has nothing to do with the classical action which provides the Euler-Lagrange equations of movement and one thinks that it's one of the causes of inadequacy of conventional quantization procedures.
The enhanced quantization procedure provides a new interpretation of the very process of quantization that encompasses the well-know conventional quantization formalism and offers additional features as well. Obviously, this enhanced quantization formalism aims at improving quantization techniques by means of simple mathemati-cal tools associated to well-established physical concepts like the principle action at quantum level. It is to be noted that usually, this principle of the action is used in classical theory to determine the Euler-Lagrange equations of motion. Then, these classical variables are promoted to the rank of operators acting on appropriate Hilbert spaces. In the enhanced quantum process, once the domains of self-adjoint operators are well set, one constructs the quantum action that is restricted to the state spaces that are at reach of the real world observer.
In this paper, taking into account the canonical quantization procedure as well as the new method of quantization introduced in Ref. [6] and in the framework of the most general representations of the Heisenberg algebra, we solve two simple models: the particle on the segment and the particle on the two-sphere, with the intention of putting in evidence of the implications of these approaches. As far as the particle on the line is concerned, we first study the case of the free movement and then we consider the presence of a delta-point interaction located at the middle of the segment, making non simply-connected the associated manifold. Concerning the two-sphere model, only the conventional procedure is given by considering the topological (which is trivial here) and the geometrical implications of the Heisenberg algebra. Enhanced quantization on the two-sphere requires the construction of the canonical coherent states on this manifold and is postponed for later.
The paper is organized as follows. In the next section, we point out the topological classification stemming from the representations of the Heisenberg algebra on an arbitrary manifold. In Section 3, we briefly give the importance of representations of the Heisenberg algebra in quantization procedures. In Section 4, we develop the procedures of conventional and enhanced quantizations on the finite non-punctured and punctured lines. The spectrum of the free particle on the two-sphere is given in Section 5. Section 6 encloses the work with some discussions and outlooks.
Basics and Consequences of Representations of the Heisenberg Algebra
Let us sketch the results and then recall the main information stemming from the representations of the Heisenberg algebra over an arbitrary manifold: the topological classification of these representations. The results given hereafter are obtained from a purely algebraic analysis which is absolutely independent of the specific details and dynamics of a given physical system as defined through its classical Lagragian (see Ref.
[1] for a detailed development); it solely relies on the existence of canonically conjugate pairs of phase space degrees of freedom. 
is constructed in terms of two structures defined over M , namely its metric structure
The metric structure is required to specify the diffeomorphic covariant normalization of the position eigenstates,
 . In fact, a local change in this phase implies a local
The further restriction for the connection to be flat, namely  
(5) leading to the following representation in terms of configuration space wave functions of states and thus involving the
Likewise, the configuration space representation of the position operators q  is issued by
Consequently, by considering how the vector field
 
A q  transforms under any local change (0.4) of phase in the position eigenstates q , one finds that this field is actually a gauge connection related to arbitrariness, whose field strength must be identically vanishing so that the last set of commutation relations
defining the Heisenberg algebra will also be obeyed.
In conclusion, all inequivalent unitary representations of the Heisenberg algebra are labeled by all possible gauge equivalence classes of flat connections over the configuration manifold M. These inequivalent representations are thus in one-to-one correspondence with the holonomies for all non contractible cycles in M. In the case of a simply-connected manifold, none of these cycles exist, and the Heisenberg algebra thus admits only a single covariant representation over M, which is associated to the trivial choice for a flat connection,  . This result generalyzes to these kinds of curved manifolds, the well-known fact that over a flat Euclidean space, there only exists the usual von Neumann representation of the Heisenberg algebra. However, when the configuration space M is non simply-connected, including examples even as simple as a circle or a torus of arbitrary dimension, there exists an infinite number of inequivalent representations of the Heisenberg algebra, labeled by the
holonomies for all non contractible cycles in M. This includes of course the possibility of vanishing holonomies for all cycles, a situation which then corresponds to the representation with Clearly, even though the Heisenberg algebra is local as far as its characteristics are concerned, these results show that a consistent representation depends on the global topology structure of the configuration space manifold M as measured through its
holonomies.
The Representations of the Heisenberg Algebra in Quantization Procedures

Conventional Quantization
Conventional quantization is the one to have been experimented since the very beginning of the modern quantization procedure. It links to classical phase space variables   , X q p , quantum quantities which are required to be at least symmetric or straight out self-adjoint, denoted  , X q p and belonging to specific Hilbert spaces. Dynamics in the classical space is expressed by means of the basic Poisson bracket
while at quantum level, the corresponding commutator is given by ˆ, q p i
The kinematical characterization of the quantized system given in the previous section still need to be completed with the specification of a quantum dynamics, namely a quantum Hamiltonian Ĥ in correspondence with the classical one, given by
p  being the phase space degrees of freedom conjugate to the local coordinates q  through the usual canonical Poisson brackets.
is the mass of the particle. The only one possible choice for a diffeomorphic scalar quantum Hamiltonian is given by,
where the vector field
is given by the following representation
Consequently, it's important, taking into account the above topological classification, to pay a required attention to the character of the underlying manifolds to configuration spaces, theatre of physical phenomena. Finally, the quantum Hamiltonian which is the generator a the dynamics of the system admits the following configura-tion space representation, where we omit the hat over the quantum quantities,
where the ordinary derivatives are replaced by U(1) covariant derivatives. Clearly, the presence of the topological quantum variable A  shows that one must pay attention to the topological features of the manifold associated to the configuration space, for a given system.
Enhanced Quantization
Let's now turn ourselves to the recently introduced enhanced canonical quantization 2 procedure. We do not have the intention to give an exhaustive account on this specific and new method. We only want to sketch the ideas that span this quantization procedure and point out the place of the representations of the Heisenberg algebra in that quantization technique. For more details, the reader could consult the papers [6, 7] .
It aims at constructing a quantum action which will allow to consistently describe the system in the appropriate quantum space-a specific Hilbert space-as well as in the classical phase space. The ideal quantum space for this procedure is found to be the one spanned by the phase space coherent states which express themselves by means of conjugate quantum variables corresponding to the classical conjugate phase space degrees of freedom   , q p . Note that these variables are directly at the reach of a classical experimenter and then the corresponding quantum states are restricted to those that can be macroscopically created.
Taking into account the above, one also need to pay attention to the geometrical as well as the topological features of the considered manifold, since the general configuration space covariant representation of the momentum operator, given in the relation (6), is constructed in terms of a flat   
Conventional and Enhanced Canonical
Quantizations on the Line
Conventional Quantization on the Line
Let us concentrate our analysis on the case of a particle moving on a finite line represented by the interval
, a a . From the self-adjoint extensions point of view, it's the more general case; semi finite or infinite range domains being straightforward generalizations. Moreover, we shall include the situation in which the finite line is punctured at a spot standing for its middle. The physical interpretation of such model is the following: consider a quantum particle confined in a one-dimensional box submitted to a singular delta-point interaction localized at the center
The manifold linked to such a punctured line is no more simply-connected at the opposite of the non punctured line which is simply-connected. Consequently, we must consider the most general representations of operators and given by the relations (6) and (7). 
and taking into account the fact that here, we get the following representation of the quantum momentum,
while the spectrum of q X   is confined in the seg-
, a a . The property which is expressed by the relation (13) 
Moreover, these operators are required to be self-adjoint on the finite interval including its borders and the only possibility which is known to be safe to satisfy this requirement, is to extend these by the well-known means of the von Neumann self-adjoint extensions formalism. Consequently, let's extend the momentum operator 
, and is symmetric in the following domain
The adjoint of this momentum operator is formally given by . To determine the deficiency indice numbers, we must count the number of linearly independent solutions, belonging to , of the following equation
where the quantity is introduced for dimensional regularization. The solutions are readily found to be
Characterize the self-adjoint extensions boils down to determine the boundary conditions which make the operator
self-adjoint everywhere on the punctured segment, including its border. We know from the von Neumann's theory [8] [9] [10] 
By considering the above, we readily find the spectrum of the momentum operator on the punctured segment where is a non-vanishing constant:
, .
Note that in the absence of the point interaction, the purely topological quantum variable disappears, since the manifold associated to the segment is simply-connected. Consequently, 0   and the self-adjoint boundary condition reduces to leading to the
Let us deal with the determination of the spectrum of the Hamiltonian. The deficiency indices of this operator are finite and equal (2,2). All self-adjoint extensions of the hamiltonian are characterized by four parameters.
We pay attention to the parity symmetry whose the singular point interaction localized at x o = 0 must be respectful. This parity expresses as [11] :
, where u stands for the space coordinate. It reduces the number of parameters of self-adjoint extensions. Consequently, the self-adjoint boundary conditions reduce to the following, with the condition
In this notation, the wave functions I  and II  defined in  
The energy levels of the system are given by
Finally, if we didn't pay attention to the parity symmetry, the energy levels would be given by   e .
I i
The resulting spectrum in the absence of the point interaction (which means that the particle moves freely from a  to a  ) is rather straightforward.
Enhanced Canonical Quantizations for the Free Particle on the Line
Coherent States-Restricted Quantum Action
Functional Let us define the eigenstates x and n  related to the operators X and P  respectively, satisfying the relations
.
We have
The canonical coherent states are introduced by the means of the following unitary operators
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The set of states  , p x   provides a family of overcomplete normalized states and stands for the set of phase space coherent states.
We are now able to discuss the dynamics in the space spanned by these coherent states. Let us introduce the quantum generator that constitutes the Hamiltonian . Let's also consider the quantum action restricted to the coherent states
We chose a class of fiducial states satisfying 0 X      and
The restricted quantum action becomes
where
H  is the classical Hamiltonian. The quantum parameter  induces a surface term
which does not have any influence on the classical equations of motion. Hence we may write
The evaluation of the diagonal elements of the matrix representation of in the coherent states basis, setting 
where the constants
e ,e d .
with the canonical following change of the momentum,
we finally obtain
Let us give the concrete example of the one-dimensional harmonic oscillator of mass . The restricted quantum action is the following, 
Thus implying the following inner product for configuration space wave functions of states,
while the momentum operators are issued by the following configuration space representations,
Within this configuration space representation, the ge (9 neral diffeomorphic invariant quantum Hamiltonian in ) corresponds in the present case to the following dif-parameter  which induces the surface term in the restricted enhanced quantum action makes no influence on the enhanced classical equation of motion whatsoever (see P. 4 of Ref. [15] ). Furthermore, this so-called enhanced quan zation procedure has been conceived some years ago even though it has not been called enhanced quantization and its methods were applied to several physical systems (see Ref. [16] for an account).
We note that the presence of certain interactions can change the considered topology of the manifold associated to a physical configuration space; this is actually the case of singular delta interactions as our study ha ti ne s shown. A kes non mong these, we also have the delta-sphere interactions. These interactions which were introduced first by Green and Moszowski [17] have intensively been used in nuclear, molecular as well as in solid states physics. Let us mention that one should study any Hamiltonian containing delta interactions by considering the most general dif-feomorphic covariant representations of the momentum operator given in the relation (6) . Ignoring this and using the commonly encontered textbook representation ˆ: p i    , reduces the study to the trivial case     0 A q   . Likely, it has been proved [1, 5] that a punctured hole in the bidimensional Euclidean plane induces mathematically, at quantum level, the Aharonovline threading this plane. This hole ma cted the manifold related to the plane and creates, at quantum level, a magnetic interaction via the nontrivial holonomy quantum variable which possesses the properties of the magnetic vector gauge potential. In this connection, let's recall the spetrum on the circle [4, 15] . In conventional quantization, the P -spectrum is given by   At the beginning, the particle of ma nts.
ss M quanis osed to be free of any interaction. But after occurs that the quantum parameter supp tization, it  in this spectr e o uam um which renders mathematically the influenc f an Aharonov-Bohm flux line on this particle. The sit tion is analogous to that of the enhanced quantization on the circle [15] . It thus appears that the quantum echanics on non simply-connected manifolds possesses hidden quantum degrees of freedom, which necessarily must also govern in an essential way the quatum physics properties of such systems. Finally, at quantum level, the topology is able to generate an interaction, and interactions can modify the topology. It would be worth looking at how the enhanced quantization applied to the two-sphere which is a system invariant under rotations in three dimensional physical space, whose quantum states thus fall into specific SO( 3 ) spin representations, providing probably some complications in the phase space coherent states in this case. A small simulation leads us to the following steps. One has first to extend the operators p  and p  which are the conjugate momenta associated to the position variables  and  respectively so that they are self-adjoint on the sphere. This first step is rather straightforward and
